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The determinant, J- , of [ai-,+Jll,n with a,-j+l = 0 for j - i > 1 is obtained 
explicitly, in terms of the zeros of an associated polynomial, as the solution of 
a difference equation. These determinants, which appear often under various 
guises, provide the coefficients of the reciprocal series of unit formal power 
series. The paper concludes with some examples including an application yielding 
an asymptotic formula for the Bernoulli numbers. 
1. INTR~DLJCTI~N 
The determinant, J,, , of the Hessenberg matrix 
9, = 
‘a1 1 0 *** 0 
a2’ * * : . . . 
. . . . . . 
. . . . 
. . . 0 . . 
an-1 * -1 
.a, a,-, ... a2 a- 
arises in the power series of the reciprocal of the analytic function 
f(z) = f a,P when f(0) # 0. 
T&=0 
Without loss of generality we may set a, = 1 and obtain [l] 
(1) 
whose radius of convergence is inf{l X 1 j f(A) = O}. Henrici [2] attributes this 
formula for the coefficients of (2) to Wronski. 
Since only the operational aspects are of interest here, (1) can best be regarded 
as a unit (a, # 0) formal power series. 
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Though Jn occurs frequently in the literature (i.e. Bell [3], Riordan [4] and 
others), and the need to compute Jn arises often in analysis and the applications, 
it does not seem to have been evaluated explicitly in a convenient form. Direct 
evaluation of Jn is most cumbersome and laborious. Henrici [2] provides an 
efficient computational scheme, the quotient-difference algorithm, for JTL .
Bellman [5] evaluated the tridiagonal case, while Chow [6] and Fairweather [7] 
studied the matrix JJ;, when a, := cyi. We remark in passing that a particular 
determinant, connected with Di Bruno’s formula [8], [9], resembles Jn differing 
only in the uppermost non-zero diagonal i - j == - 1, where instead of l’s, 
U&i-l = i for i = I,..., n - I. This determinant has been evaluated in terms of 
Bell polynomials. 
Here we show that Jn can be conveniently evaluated both recursively and in 
closed form in terms of the zeros of the associutedpoZynomiaZp,(z) = 1 + a,z + 
. . . + unsn, the result stemming from some elementary observations and due, 
implicitly, to the Toeplitz form of & = [ai++,]. The motivation originated 
from some work in mathematical biology 
arbitrary n arose. 
2. RECURSIVE FORMULA 
Starting with the identity f(z) g(z) = 1 the relation 
[lo] where the need compute Jn for 
(3) 
providing Jn in terms of Jnpl ,..., JI , Jo = 1, is easily derived. Actually, a more 
fundamental coefficient identity exists. 
I f  p is a complex number and 
then, 
f  [i(p + 1) - ?Z] Ui(2n-i = 0. (5) 
i=O 
Gould [l l] provides an extensive history and bibliography for this old, known to 
Euler, and beautiful recurrence relation. A relation, by the way, which enjoys 
frequent rediscovery and deserves to be more widely known. 
Since (5) reduces to a linear difference equation with constant coefficients- 
namely (3)-iff p = - 1, it is easy to obtain Jn as the solution of (3). This obser- 
vation with a minor modification is exploited in the next section. 
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3. EVALUATION OF J,, IN CLOSED FORM 
Consider the expansion 
where 
47a.k = 
a, 1 0 . . . . . . . . . . . . . 0 
. . . . 
. . . . 
. . . 
. . . 
ak 
. . . 
0. *::: 
. . 
. . . . . 
. . . 
0 ... 0 a, *.. a, h,m) 
and Jm,k = det &,I, . 
Analogously to (3) 
go (-1F az-i,k = 0
and since here ai = 0 for i > k we have 
g (- l)m-i a&,-&k = 0, 111 > k. (7) 
The solution of this k-th order equation has the form 
where hi , j = I,..., p < k, are the distinct zeros of pk(z) with multiplicity mi and 
the coefficients cij are independent of m. 
Once the Ai and cij are determined Jm,k is available for all m immediately 
yielding the expansion (6). For m = k = n, (8) provides the formula for J,, . 
The cii may be obtained by directly evaluating Jm,k for m = l,..., k and then 
solving via (8). This is an unattractive task. However, since partial fraction 
decomposition and subsequent use of the binomial series is implicit in (6), this 
provides an alternate and preferable way to obtain the cij . 
Specifically, from the coefficients of the Lagrange partial fraction decomposi- 
tion 
1 d” (z - hJ”j Ai,,j-, = - lim - 
s! Z-A, dz” [ 1 Pk@) ’ 
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and 
f&n+, 
Bjs = (-Jqn-” (+ - s - l)! ’ 
C;,) z B,,~~;-,( - ,)r-m+s r=l ,..., mj - s 
where s;,!+ are the Stirling numbers of the first kind, we obtain 
VI--i-l 
cij = z. cj,,? (9) 
In the event that pK(z) has only simple zeros (p = K, m, = 1, j = l,..., K) we 
have from (8) that 
and from (9) 
AjSl here being the residue due to the simple pole of l/pk(z) at Ai . 
Altogether then, when pk(z) has only simple zeros 
Jm.k = gl j$q (- $+’ m 3 k, 
and for m = k = n 
n 1 1 
( 1 
n+l 
Jn= Jn*n=;lPn)o -xj ’ (11) 
With (8) and (9) J,,z,lc (and Jn) can be evaluated in general. 
The generality of (5) suggests that the process of evaluating determinants via 
difference equations may apply to a larger class of Toeplitz matrices. 
4. EXAMPLES 
We have already mentioned the application [lo] which motivated this note. 
There (8) (together with 9) as well as the recursive formulae were found very 
effective in computing Jm,k . 
Just for fun, let us evaluate Jm,k when a, = 01~ i = l,..., k recalling that the 
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matrix Yn for such a, was considered in [6] and [7]. The associated polynomial is 
pi,(z) = 1 + OLZ + ... + (cLz)k = (a:?:; l , 
having simple zeros hj = J/a, j = l,..., k where 
277 277 w = cos kil + i sin K+I . 
Applying (10) yields (together with JO,k = 1 and Jl,k = a) 
(-l)m+la” 
[ 
1 1 - wk(m-l) 1 1- 0Jkm 
= 
-- 
k+l wk(m-l) 1 -Jn-l CL+ 1 - tJP 1 
=o for m#p(k+l) and m#p(k+l)+l 
/  
B(ktl),k zz (- l)~““+l’+l @(k+l) 
Ja(~+1)+vc = (-4P(k+1)+1 
p = 1, 2,... . 
Consequently, 
1 -= 
PiA4 
1 - az + f [-(,)p(k+l) + (aZ)P(k+l)+l] /0121 < 1. 
p=1 
Further, Jn = 0 1z > 1 (4in is singular Vn > 1) and 
which can also be obtained directly by summing the geometric series in the 
denominator. 
For another example, let us consider 
f(Z) = -f+ , 
so, 
where B, are the Bernoulli numbers [12]. Comparing with (1) we find that 
B, = (-I)” n! Jn , (12) 
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where ai = I/(i + I)! i = l,..., n, in Jn , an attractive alternate formula for the 
Bernoulli numbers from which one easily deduces that B2n+l = 0 for n > 1. 
From (3) and (12) we get 
go (j + {FFi -i)! = 0 for n 3 1 (B, = 1). (13) 
Applying (13) for 1z = m - 1 and transforming via r = n - (j + 1) provides 
the known recursive formula 
y(y)B,-0 m>2. 
r=0 
The zeros off(z) are &2ij?r,j = 1, 2,.... From (ll), knowing that B2n+l = 0, 
n > 1, we obtain (since p,,(z) +f(z) as n --j CO) 
B,, - 2(-l)m+1 (2n)! ;i (+j2”. 
An asymptotic formula (compare with (16) in [12]) related to the classical zeta 
series of Euler, and which for n >, 5 yields better than 9 significant figure 
precision (see Table I). 
TABLE I 
n 
all 
B 2n , from [8] p. 810 2( - l)n+y2n)! c (2wp 
?=I 
1 1.66666667 x 10-l 
2 -3.33333333 x 10-s 
3 2.38095238 x lo-* 
4 -3.33333333 x 10-Z 
5 7.57575758 x 1O-2 
10 -5.29124242 x lo2 
15 6.01580874 x lo8 
20 - 1.92965793 x 1O1” 
25 7.50086675 x 1O24 
1.26651480 x IO-’ 
-3.32233445 x lo-” 
2.38091319 x lo-” 
-3.33333319 x lo- 
7.57575758 x to-” 
-5.291242442 x lo2 
6.01580874 x lo* 
- 1.92965793 x IO= 
7.50086675 x 10z4 
Several formulae derived from the zeta series are known. For example, 
Chowla and Hartung [13] get an exact formula for the m-th Bernoulli number 
using the first 3m terms of the zeta series. Riesel’s [14] result requires m/err 
terms. Kishore [15] provides a related formula stemming from the Rayleigh 
function. There is, in fact, a rather vast literature on the representation of the 
TOEPLITZ-HESSENBERG MATRICES 353 
Bernoulli numbers. Readers wishing to explore this topic are referred to Gould 
[16] for a readable summary and some interesting historical vignettes. 
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